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Abstract. A forest is the clique complex of a strongly cliordal graph and a quasi- 
forest is the clique complex of a chordal graph. Kruskal-Katona type theorems 
for forests, quasi- forests, pure forests and pure quasi-forests will be presented. 

Introduction 

Recently, in commutative algebra, the forest ([5]) and the quasi-forest ([17] and 
[9]) have been extensively studied. Each of these concepts is, however, well known 
in combinatorics ([14]). In fact, a forest is the clique complex of a strongly chordal 
graph and a quasi-forest is the clique complex of a chordal graph. (A chordal graph 
is a finite graph for which every cycle of length > 3 has a chord. A strongly chordal 
graph is a chordal graph for which every cycle of even length > 6 has a chord that 
joins two vertices of the cycle with an odd distance > 1 in the cycle.) 

Besides the celebrated ^f-conjecture for spheres ([16, pp. 75-76]), one of the most 
important open problems in the study of /-vectors of simplicial complexes is the 
classification of /-vectors of flag complexes. (A flag complex is the clique complex 
of a finite graph.) Works in the reserach topic include [3], [6], [7], [8] and [15]. On 
the other hand, the study of /-vectors of clique complexes of chordal graphs was 
done in [4], [12] and [13]. 

The purpose of the present paper is to give a Kruskal-Katona type theorem for 
forests and quasi-forests (Theorem 1.1) as well as a Kruskal-Katona type theorem 
for pure forests and pure quasi-forests (Theorem 1.2). These theorems will be proved 
in Section 2. We then show in Section 3 that the /-vector of a pure quasi-forest is 
unimodal. 



1. KRUSKAL-KATONA type THEOREMS 

Let [n] = {1, . . . , n} be the vertex set and A a simplicial complex on [n]. Thus A 
is a collection of subsets of [n] with the properties that (i) {i} G A for each i G [n] 
and (ii) if F G A and G G F, then G G A. Each element F G A is a face of A. 
Let d = max{|F| : F G A}, where \F\ is the cardinality of F. Then dim A, the 
dimension of A, is — 1. A facet is a maximal face of A under inclusion. We write 
^(A) for the set of facets of A. A simplicial complex is called pure if all facets have 
the same cardinality. Let fi denote the number of faces F with 1^1=^-1-1. The 
vector /(A) = (/o, /i, . . . , fd-i) is called the /-vector of A. In particular /o = n. If 
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{Fjj, . . . , Fj^} is a subset of ^(A), then we write (Fj^, ... ,Fi^) for the subcomplex 
of A whose faces are those faces F of A with F C F.i. for some 1 < j < q. 

A facet F of a simphcial complex A is called a leafii there is a facet G 7^ F of A, 
called a branch of F, such that // fl C C fl for all facets H oi A with H ^ F. 
A quasi-forest is a simplicial complex A which enjoys an ordering Fi, F2, . . . , F^ of 
the facets of A, called a leaf order, such that for each 1 < j < s the facet Fj is a 
leaf of the subcomplex (Fi, . . . , F,_i, Fj) of A. A quasi-tree is a quasi-forest which 
is connected. A forest is a simplicial complex A which enjoys the property that for 
every subset {Fj^, . . . , F,,^} of ^(A) the subcomplex (Fj^, . . . , Fj^) of A has a leaf. 
A tree is a forest which is connected. 

We now come to Kruskal-Katona type theorems for forests, quasi-forests, pure 
forests and pure quasi-forcsts. 

Theorem 1.1. Given a finite sequence (/o, /i, • ■ ■ , fd-i) of integers with each fi > 0, 
the following conditions are equivalent: 

(i) there is a quasi-forest A of dimension d — 1 with /(A) = (/o, fi, ■ ■ ■ , fd-i); 

(a) there is a forest A of dimension d — 1 with /(A) = (/o, fi, ■ ■ ■ , fd-i)j 

(Hi) the sequence (ci, . . . , q) defined by the formula 

X:/.-i(a;-ir = Ec,a;\ (1) 

i=0 i=0 

where /_i = 1, satisfies YA=k Cj > for each 1 < k < d. 
(iv) the sequence (61, ... , bd) defined by the formula 

j:fi-i{x-iy-'=j:kx^-' (2) 

i=l i=l 

is positive, i.e., bi > for 1 <i < d. 

Theorem 1.2. Given a finite sequence (/o, fi, ■ ■ ■ , fd-i) of integers with each fi > 0, 
the following conditions are equivalent: 

(i) there is a pure quasi-forest A of dimension d—1 with /(A) = (/o, fi, ■ ■ ■ , fd-i); 

(a) there is a pure forest A of dimension d — 1 with /(A) = (/o, fi, ■ ■ ■ , fd-i); 

(Hi) the sequence (ci, . . . , q) defined by (1) satisfies Yli^^ Q > fo'r' each 1 < k < 
d and Q < for each 1 < i < d. 

(iv) the sequence (61, . . . ,bd) defined by the formula (2) satisfies < 61 < 62 < 
■■■<bd. 

In Section 2, after preparing Lemmata 2.1, 2.2 and 2.3, we will prove both of 
Theorems 1.1 and 1.2 simultaneously. 

2. /-VECTORS OF FORESTS AND QUASI-FORESTS 

We begin with 

Lemma 2.1. Let A be a quasi-forest on [n] with s + 1 facets and F5+1, Fg, . . . , Fi 
its leaf order. For each 1 < j < s we write Gj for a branch of the leaf Fj in 
the subcomplex {Fs^i,Fs,... , Fj) of A. Let Sj = \Fj\ and Cj = \Fjf]Gj\. Let 
dim A — d — 1 and let /(A) = (/q, fi, ■ ■ ■ , fd-i) be the f -vector of A. 
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(a) One has 

^:/.-l^^ = E(l + ^)'^-E(l + ^r^ (3) 

i=0 j=l j=l 

where /_i = 1. 

(b) Let ki - ■ ■ kgks+i be a permutation of [s+1] with < Sk^ < ■ ■ ■ < < Sk^^-^ = d 
and ii - ■ - is a permutation of [s] with < e^j < • • • < . Then e^,. < Skj for all 
l<J<s. 

Proof (a) Let s = 0. Then 6i = d, = (f) and Eto fi-i^' = i'^ + xY'- Let s > 1 
and A' = F„ . . . , F^). Let dim A' = d' - 1 and /(A') = (/^, /{,..., 

Since A' is a quasi- forest, working by induction on the number of facets, it follows 
that Y.f=o f'i-ix' = Ejtli^ + - Si=2(l + xp ■ Now, the number of faces F of A 
with F ^ A' and with |F| = i is (^^) - (^j). Hence 

Y: fi-ix' = E fUx' + ((1 + - (1 + x)-), 

i=0 i=0 

as desired. 

(b) Let kp — 1 and £g = 1. Then e^^ < 5^^. Since (Fs+i, Fs, . . . , F2) is a quasi- 
forest, working by induction on the number of facets, it follows that (i) in case 
of p < g, one has ei. < 5^. for each 1 < j < p and for each q < j < s, and 

% ^ < ^kp ^ ^/.j for each p < j < q, and that (ii) in case of g < p, one has 
% < for each 1 < j < g and for each p < j < s, and €£. < e^.^^ < 5^^ < 5^^^^ for 
each q < j < p. Hence ee. < 6kj for all 1 < j < s. □ 

Lemma 2.2. Given a quasi-forest of dimension d — 1 with s + 1 facets and with 
f -vector /(A) = (/o, fi, ■ ■ ■ , fd-i)) there exist finite sequences {5i, ... ,5t, St+i) and 
(ci, . . . , Ct) of integers, where < t < s and where Si ^ Cj for all i and j, satisfying 

< 5i < ■ ■ ■ < 5t < 5t+i ^ d, < ei < • • • < et < d 

and 

Cj < 5j, 1 < j <t 

which enjoys the formula 

d t+1 t 

j=0 3=1 3=1 

where /_i = 1. 

Proof. In Lemma 2.1 (b), in case that = e^^ for some a and b, one has a < b and 
€£■ < for all a < j < b. Hence we can replace , . . . , and e^^ , . . . , e^^ 
with . . . , . . . , 4^, 5k,+-, and e^^, . . . , e^.^, e^,^^, ...,64. □ 

Lemma 2.3. Le^ {5i, ... , 5s, ano? (ei, ...,65) &e sequences of integers, where 
s > and where 5i 7^ Cj for all i and j, satisfying 

< 5i < ■ ■ ■ < 5s < 5s+i ^ d, < ei < ■ ■ ■ < Cg < d 
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and 

ej < 5j, 1 < j < s. 

Then there is a forest A on [n], where n = J2j=i — J2j=i ^j, of dimension d — 1 
such that the f -vector /(A) = (/o, fi, ■ ■ ■ , fd-i) of A satisfies (3). 

Proof. First, we construct the subsets -Fi, . . . ,Fs,Fs+i of [n], where \Fj\ = Sj for 
each 1 < j < s + 1 and where \Fjf]Fj^i\ = cj for each I < j < s. Let Fg+i = 
{n — d + l,n — d + 2, . . . , n}. If we obtain the facet Fj = {qi, q2, ■ ■ ■ , QSj-i, QSj}, 
where 1 < qi < q2 < ■ • ■ < QSj ^ n, then the facet is defined to be 

Fj-i = {gi - (5j-i - Cj-i), ... ,qi-2,qi-l, qs.-ej_,+i, ... , qs^-i, qs^}. 

A crucial property of Fi, . . . , F^, F^+i is that 

n ^^+1 = • • — n i^.+2 = F, n f,^, (4) 

for each 1 < j < s. 

Now, write A for the simphcial complex on [n] of dimension d — 1 with ^(A) = 
{Fi,... ,Fs,Fs+i}. It follows from the property (4) that A is a quasi-forest with 
Fs+i,Fs, ... ,Fi its leaf order. In addition, for each 1 < j < s, in the quasi-forest 
{Fg+i, Fg, . . . ,Fj) the facet Fj+i is a branch of the leaf Fj. Since |F, | = 6j for each 
1 < J < s + 1 and \Fjf]Fj+i\ = cj for each 1 < j < s. Lemma 2.1 guarantees that 
the /-vector /(A) = (/o, /i, . . . , fd-i) of A satisfies (3). 

Finally, we claim that A is a forest. Let 1 < ji < j2 < ■ ■ ■ < ^ s -|- 1 and 
^ = {Fn,... ,Fj^). Then 

n — ■ ■ ■ — Fj^ Pi = Fj^ Pi f^^ . 

Hence Fj^ is a leaf of F with Fj^ its branch. □ 

We now prove both of Theorems 1.1 and 1.2 simultaneously. 

Proof, ((n) =^ (i)) Since a (resp. pure) forest is a (resp. pure) quasi-forest, the 
/-vectors of (resp. pure) forests coincide with the /-vectors of (resp. pure) quasi- 
forests. 

((i) =^ (iii)) Let A be a quasi- forest of dimension d — 1 with s + 1 facets and 
/(A) = (/o, /i, . . . , fd-i) its /-vector. With the same notation as in Lemma 2.2, it 
follows that 

d t+l t 

i=0 j=l j=l 

Thus ^ 

J2c,^\{j:Sj>k}\-\{j:ej>k}\>0 

i=k 

for each 1 < /c < as desired. 

If, in addition, A is pure, then Lemma 2.1 guarantees the existence of a sequence 
(ei, . . . , Sg) of integers with < ei < • • • < < d such that 
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Thus Y.i=k Ci > for each 1 < k < d and Cj < for each 1 < k < d. 

((iii) =^ (ii)) Let s+1 = Ec,>o ^i- Since Ef=o Ci = /-i = 1, one has Eci<o(-Ci) = 
Since Q > and Z)^=o ~ /-i ~ Cq < 0. Write 

d s+1 s 

i=0 j=l j=l 

where ^ 5j for all i and j, and where 

< 5i < ■ ■ ■ < 5s < 5s+i ^ d, < ei < ■ ■ ■ < eg < d. 

Suppose J2i=k Ci > for each 1 < k < d. We claim ej < 5j for each 1 < j < s. To 
see why this is true, let j denote the biggest integer < s for which Sj < ej. Then 
Yli=ej Q = 0, a contradiction. 

Now, it turns out that the sequences {Si, . . . ,Ss, Ss+i) and (ei, . . . , e^) enjoy the 
properties required in Lemma 2.3. Thus there exists a forest A of dimension d — 1 
whose /-vector /(A) satisfies (3). In other words, the /-vector /(A) must coincide 
with the given sequence (/o, /i, . . . , fd-i)- 

If, in addition, q < for each 1 < i < d, then 5j — d for all 1 < j < s -|- 1. Hence 
the forest which is constructed in the proof of Lemma 2.3 is pure. 

((iii) 4^ (iv)) Let = J2i=k^i for /c = 0, 1, . . . , d. In other words, the sequence 
{bo,bi, . . . , bd) is defined by the formula 

j2cix' = j2bix'-\x-l) + bo. 

i=0 1=1 

Since b^ = cq + ■ ■ ■ + = /_i, it follows from (1) that (6i, . . . , b^) satisfies (2). It is 
now clear that (iii) is equivalent to (iv), as desired. □ 

Remark 2.4. Let A be a simplicial complex on [n] of dimension d — 1 and /(A) = 
(/o) /i; • • • ; fd-i) its /-vector. Recall from [1], [11] and [16] that the /i-vector h{A) — 
{ho, hi, . . . , hd) of A is defined by the formula 

i=0 1=0 

or equivalently, by the formula 

j2hiAl+xY-' = j2f^-l^'■ (5) 

i=0 i=0 

In particular ho — 1 and hi — n — d. It follows from (1) and (5) that 

d d 
^ ^ CjX ^ ^ hi 

Hence 



Consequently, for each k — 1,2, . . . ,d, one has 

^fr' ^ ^ = y ^^^^ 

3. Unimodality of /-vectors 

A finite sequence (ai, 02, . . . , ajv) of integers with each Oj > is caUed unimodal 
if Oo < ■ ■ ■ < ttj > ttj+i > • ■ ■ > Oat for some < j < A^. We recall the following 
well-known 

Lemma 3.1. Let d and e be integers with < e < d and define the sequence 
{qq, ai, . . . , as) by the formula J2f=o a^x^ = (1 -|- xY ~ (1 + ^Y- Then 

oo < oi < • • • < a[(<i+i)/2] > 0'[{d+i)/2\+i >••■> ad- 
Theorem 3.2. The f -vector /(A) = (/q, /i, . . . , fd-i) of a pure quasi-forest A of 
dimension d — 1 is unimodal. 

Proof. Let A be a pure quasi-forest of domension d — 1 with 1 facets and /(A) = 
(/o, fi, ■ ■ ■ , fd-i) its /-vector. Lemma 2.1 says that there is a sequence (ci, ... ,65) 
of integers with < ei < • • • < < d such that 

x: f^-lx' = (1 + xY + E((i + - (1 + ^p)- 

i=0 j=l 

By using Lemma 3.1 it follows that 

/-I < /o < • • • < /[(d+l)/2]-l > /[(<i+l)/2] > • • • > fd-1- 

Hence (/o, /i, . . . , fd-i) is unimodal. □ 

The /-vector of a pure simplicial complex is not necessarily unimodal. In fact, 
there is a simplicial convex polytope such that the /-vector of its boundary complex 
is not unimodal ([2]). On the other hand, it is proved in [10] that the /-vector 
/(A) = (/o, /i, . . . , fd-i) of a pure simplicial complex A of dimension d—1 satisfies 

f^ < fd-2-i: -l<t< [d/2] - 1, 

together with 

/-I < /o < • • • < /[d/2]-l- 
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